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Abstract. We prove the existence of inflltely many T-periodic solutions of any essigned period 
T for a class of dynamical systems which contains the N-body one. We also show a sub class 
for which such solulions are not of simultaneous collision. 
In this paper we want to present some results on the existence of periodic solutions of 
assigned period T for the following system of differential equations: 
-172iZ~ = Vz,V(21,. . . , ZN) i = 1,. . . , N (1) 
where xj E lRk, rni > 0 and N 12. 
This note is a preliminary communication of the forthcoming paper [5] to which we refer 
for complete proofs and more details. 
Our model problem is the N-body problem; in particular we assume on V 
V(n,. . c Kj(Zi - q); W) 
l<i#j<N 
Kj E C2(~k\{o};~), &j(x) = I/;.i(Z), Vl 5 i # j 5 N, Vx E B,“\(O); (V2) 
Kj(X) - -00; 
M+O 
(V3) 
V(x1, * * .,x~)<0 Vl<i#j<N, V(X~ ,..., XN)EIR~\{O}. (V4) 
We will also always assume mi > 0 Vi and set M = CE, mi. 
First af all, we want to precise what we mean by “solution” of system (1). We will say 
that 8 fUllCtiOll x’(i) = (xl(t), . . . ,x~(t)) E c2([o,T]; (Bk)N) is a nOTI-COkiO?Z SOhtiOn Of 
(1) if xi(t) # xj(t) Vi # j, Vt E [O,T] and if X(t) solves (1). W e will also say (following [3]) 
that X(t) = (xl(t), . . . ,XN(t)) E ff’(S’; (lR”)N) is a generalized solution of (1) if, denoting 
by C the set 
C = (2 E [O,T] SUCh that Xi(t) = Zj(t) for some i # j}, 
we have that: 
(a) meas = 0; 
(b) X(t) = (xi(t), . . . .XN(t)) solves - m&(t) = v,,v(X:(t), . . . , XN(t)) Vt E [0, T]\C; 
(c) E = 2 !+(t)12 - V/(x1(t), . . . ,xN(t)) is COnstaUt in [o,T]\c. 
i=l 
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Finally, by simultaneous collision solution we mean a generalized solution of (1) such that 
it exists a 1’ E [O,T] such that 
+i(t*> = xj(t*) Vl<i,j<N. 
The existence of T-periodic (non collisions or generalized) solutions for this class of po- 
tentials via variational methods has been studied by many authors in the case N = 2 (see, 
for example [71, PI, PI, PI, [31, PI) 
Recently Bahri and Rabinowitz, in [4], have proved the existence of infinitely many gen- 
eralized T-periodic solutions in the case N = 3 under assumptions different from (Vl-2-3- 
4)(see Bemark 1). Motivated by such a paper we prove 
Lemma - THEOREM A. Suppose that V satisfies the above assumptions. Then (1) has, 
VT > 0, infinitely many generalized T-periodic solutions. Moreover if Kj satisfies, Vi # j, 
the following Strong Force condition 
3Uij E C’(Rk\{O};R) SUChthUd Uij(L??) ,To +00 
(SF) 
Kj(Z) 5 -lVUij(X)12 VX E lRk\{O}, 1x1 small 
then (1.1) has infinitely many non-collision solutions. 
REMARK 1. A comparison with the results of [4] is in order. We point out that 
a) We require Q(x) = Vji(x) ( w ic h h is satisfied by a large class of potentials of interest in 
Celestial Mechanics) but, in contrast to [4], we have no assumptions (besides boundedness 
from above) on the behaviour of V at infinity; 
b) Our method, baaed on minimization of the action functional, is simpler than the one used 
in [4], works for any N 2 2 and permits, in some situations, to exclude that the solutions 
we find are simultaneous collision solution (see Theorem B). 
Sketch of the proof of Theorem A. Generalized T-periodic solutions of system (1) will be 
found as critical points of the functional 
T 
f(xl, . . . rxN) = lX;(t)12 dt - J v(X,(t), . . . , xN(t)) dt. 
0 
on the open subset 
where 
Aa = {X E A such that X(t + T) = -X(t)} 
and 
A = {X(t) = (zl(t), . . . , xN(t)) such that X E H1(S1;R)}, 
R= {(Xl,.. . ,XN) ElFt” x . . . xlRk such that xi # xj Vi # j}. 
It is not difficult to show that f(Xm) n_a, - 00 as X,, converges weakly to 7 E dAc whenever 
the Strong force condition is satisfied (see [7,8,2]). I n our setting it is also easy to see that 
f(X,) n_ra, 00 whenever X, E Ao and ]lX,,]l~l --) 00. Then it follows immediately from 
the semicontinuity of f that f achieves its infimum if (SF) holds. When the strong force 
condition it is not satisfied, it is possible, proceeding as in [3], to approximate our problem 
with a sequence of problems which satisfy such a condition. One obtains in such a way a 
sequence of non-collison T-periodic solutions of the approximated problems; then one proves 
the convergence of such a sequence to a generalized solution of (1). To prove the existence of 
infinitely many T-periodic solutions we simply remark that the above argument proves the 
Periodic Solutions For N-Body Type Dynamical Systems 409 
existence of a solution XT for every T > 0. Such a solution cannot be a constant solution 
of (1) since it is a generelized solution in ho. Letting z be its minimal period we have that 
XT/(E+~) is also a T-periodic solution (since our problem is autonomous) which is different 
from XT since they have different minimal period. Iterating such a procedure the theorem 
follows. 0 
The fact that the solutions we find in theorem A are obtained via a minimization procedure 
permits us also to prove that they have some additional property. Let us define 
U(ml,... ,mN)= c 
l<i#j<N 
and 
za c ( > + l<i#j<N mimj /.LE 
p((Y, ml, . . . , mN)c(ml, . . . , mN)* 
Then we can prove 
THEOREM B. Suppose that (W-4) 




5 v(xl,... ,zN) _< -; c mi mj 
lsi$j<N Izi - ‘j 1” (V5) 
1 < p. (4 
(1) has, for every T > 0, at least one T-periodic solution which is not a simultaneous collision 
solution. 
Sketch of the proof of Theorem B. The proof is based on an estimate of the infimum of 
the functional f on the class of total collision solutions which are in ho. Such an estimate 
relies on three steps: in the first one the value of the functional on total collision is compared 
(using (V5)) to that of the functional 
on simultaneous collisions; then this infimum is compared with the infimum of a suitable 
two-body action functional cp on two-body collisions. In the third step methods developed 
in [S] are used to estimate the minimum of ‘p on collisions. 
On the other hand one can estimate the infimum of f on ho using (V5) and a suitable 
test function. 
A comparison of the two estimates leads us to show that whenever the assumptions of the 
Theorem are satisfied the infimum on simultaneous collision in A0 is larger then the infimum 
on Ao, showing that the solutions found via Theorem A are not of simultaneous col1isions.o 
REMARK 2. (1) Assumption (4) is satisfied for a large class of masses. For example, if 
o = 1, N = 16 and mi = 1 then p M 1.39 while if rni = i then ~1 R 1.43 and if mi = ei 
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then p w 1.86. (2) The importance of Theorem B lies also in the fact that, whenever Qj([) 
behaves like $, cy < 2, one can find generalized solutions just minimizing directly the 
functional on the class of simultaneous collisions. On such a class the funcional is coercive 
and weakly lower semicontinuous. 0 
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